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Quaternions and Spatial Rotation

1 General Remarks and Notation

B A quaternion ¢ € R* = H is a four-dimensional hypercomplex number. The set of quaternions is a four-
dimensional vector space over the real numbers (R*) and is denoted here by H, in honor of Sir William Rowan
HawmirtoN, who introduced them in 1843. The set of quaternions H is an extension to the set of complex numbers
C = R2, which by itself is a two-dimensional vector space over the real numbers, constructed by introducing
two additional imaginary parts.

B The author uses the three notations shown below — sometimes intermixed according to the best fitting form
in context. Despite these notations one can find a myriad of other variants in literature, which will not be used
by the author!.

Hypercomplex Notation Vector Notation Quadruple Notation
T

q=qo+iq +ja2 +kas q=[90,9] = |90, [ g2 q = [q0, 1,92, 3]
a3

In the equations shown above, ¢ € H is the quaternion, the real numbers g, g1, g2, ¢3 € R are the components
of the quaternion ¢, and i, j and k are the three imaginary units, whereas?:

i’ =j=k*=ik=—1 (1)
jj=k=—ji, jk=i=-kj, ki=j=-ik (2)
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The real number ¢; = Re(q) is the real part (also called scalar part) of the quaternion ¢, while the vector
q = (¢1,92,q3)T = Jm(q) is the three-dimensional imaginary part’ (also called vector part) of q.

creative

Quaternions do not satisfy the field axioms*; they are violating the axiom of commutativity of multiplication (all
other axioms are satisfied) [4, p. 6]. Having said this, the quaternion multiplication is non-commutative;
therefore

©®
©@®S
|

Qa@ 7# Wla, Ga>qp € H. (3)

B Special groups of quaternions:

— Quaternions with a real part of zero are called pure quaternions; the set of all pure quaternions is denoted
by Hy C H.

- A quaternion with a norm® of 1 is called a unit quaternion; the set of all unit quaternions is denoted by
H, C H.

with equation set 2.

In abstract algebra, a field is defined as an algebraic structure with the two operations of addition and multiplication, satisfying the axioms of
(1) closure under all operations, (2) associativity and commutativity of all operations, (3) existence of neutral elements and inverses for addition
and subtraction and (4) distributivity of multiplication over addition. The operations of subtraction and division are implicitly defined as inverse
operations of addition and multiplication, respectively. [4, pp. 5 et seq.]

Refer to section 2 for a definition of the quaternion norm.

Errors, comments or ideas regarding this paper?

E ! In space science and engineering it is usual to use the quadruple notation, but with the real part at the end: ¢ = [q1, g2, g3, qo]-

g 2 Warning: These are not the usual dot products — they are (non-commutative) quaternion products.

) 3 This is possible since i, j and k can form an orthonormal base in R using the correspondences i = i = (1,0,0)T,j = j = (0,1,0)T and
(éo k = k = (0,0,1)T. This way, the cross products of the unit vectors e, = (1,0,0)T, e, = (0,1,0)T, e = (0,0,1)T of the standard
E orthonormal base of R3 giveey X ey =e, = —ey X ez, ey X €; =€ = —e; X €y, €, X e = ey = —ey X ez, which can be identified
j=5)
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B There also exist other representation forms for quaternions:

— Complex matrix representation: ¢ = qo + i1 + jgo2 + kgs — qo [(1) (1)] +q1 [IC —OiJ + g2 [_01 (1]] +

" 0 ic| _ | g+icer ¢ +icgs
ic 0 —q2 +icgs o — icq1

0

1 0 00 0 10
— Real matrix representation: ¢ = qo + i¢1 + jg2 + kgs — qo 8 (1) (1) 8 + q1 _01 g 8
0 0 01 0 0 1
0 0 1 0 0 0 0 1 G @ ¢ g3
0001+00—10__Q1QO_Q3‘]2
i1 0 oo " ®lo 1 0 0l |- @& @ -a
0 -1 0 0 -1 0 0 0 —q3 —q2 q1 9
2 Quaternion Algebra
2.1 Basic Properties
r,s € H r=s
if and only if g = sg, 71 = 51, 72 = S9 and r3 = s3
q,chH q:[q(h_q]
geHllgl €R | llall = vag = a3 +ai + a3 + 33
-1 -1 _ _q _ q
¢.q €H 9 TP~
2.2 Basic Operations
r,se€H r+s=[roxsg,r=ts]
ceRgeH c-q=1Ic-qo,c-q]
r,s,t € H r-s=t=[ro,x] - [S0, 9]
= [roso — (r,s), 708 + Sor + 1 X s]
or with help of matrix algebra:
to [ro —r1 —ra —r3| [so]
ti{_ |11 ro —T3 T2 S1
ta| |r2 Tz o —Tif [s2
i3 "3 —T2 T1 To | [S3
[so —s1 —s2 —s3]| [r0]
_|S1  So S3 —S82 1
B So  —S83 So S1 T2
|53  S2 —S1 S0 | |T3]
ceR,geH 1= % -q
r,s €H,s#0 gzrs_lzrlljpzrf_g
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qe M, q#0,
g€ My

j— 4
9= TqT

r,s € H

rxs=1[0rxs]

r,s € H

(rys) =rosp + r181 + ross + r3ss3

2.3 Exponential and Logarithmic Functions

In what follows, ¥ denotes a vector in R3 normalized to length 1,ie,v = ﬁ is a unit vector. The principal argument

¢ € (—m, 7] is defined as ¢ = arccos (IﬁTOH); the principal value of the natural logarithm can be yield by setting k = 0

for [lq]| # 0.

qgeH

e? = e® [cos(||q]), q - sin([Iq]))]

qeMkeZ

(In(llgl), (¢ + 2km)q]  for [|q]| # O

In(q) = [In(go),0,0,0] for [|q| = 0,90 > 0
[In([gol), , 0,0] for [|q| = 0,90 <0
undefined otherwise

g€ H,beR

log,(q) = %7 lg(q) = log,,(q) = 11?((1(10))

geH,peR

qP = epn(a)

g€ H,neNT

V= e In(a)

2.4 Trigonometric and Hyperbolic Functions

v

In what follows, v denotes a vector in R® normalized to length 1, ie., v = % is a unit vector.

vl

geH

sin(q) = —q (e99 — e~ %)

geH

sinh(g) = — (e — ¢~9)

g eH

cos(q) = % (e + e749)

geH

cosh(q) = % (e +e79)

geH

tan(q) = %(Z—))

geH

sinh
tanh(q) = cosh((?;))

qgeH

geH
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3 Spatial Rotations using Quaternions

There is a 1:1 correspondence between a vector v € R and a pure quaternion v € H:

v v =0+ivy +jvy + kv, or vev=][0,v] (4)
This means, every vector in 3-dimensional space represents a pure quaternion and every pure quaternion represents a
vector in 3-dimensional space. This is important, because it allows a quaternion to operate on vectors of R? [4, pp. 114
et seq.]. A rotated vector v* or *v, respectively, in R? originates in a quaternion multiplication involving the rotation
quaternion gg(«, u), the quaternion v of its original vector v and the conjugate Gr(c, u) of the rotation quaternion in

one of two fixed sequences, called quaternion rotation operators:

v* =10,v"] = gr(a,u) - [0,v] - 7r(a, u) v =1[0,"v] = qr(e,u) - [0,v] - qr(a, ) ()
or written in the more compact form
v' = qrV(R "V ="1rVqr (6)
with the rotation quaternion
a .«
gr(a,u) = |cos —,sin — ~u} , (7)
2 2
whereas « is the rotation angle and u € R? is the axis of rotation with a norm of 1 (|lu|| = 1; u is therefore a unit

vector) [4, pp. 118 et seq.]. Having said this, such a quaternion multiplication always results in a pure quaternion,
which represents a (new) vector in 3-dimensional space. [4, pp. 119 et seq.]

Both operators v* and *v define the same rotation angle, but the opposite rotation direction around the chosen axis.
The rotation direction depends on the perspective of the rotation as well as on the handedness of the reference frame.
Assuming a right-handed coordinate system (right-hand rule applies), the operator v = qrVv@g causes a rotation,
while *v = grvgpr will cause a transformation.

Transformation
*V =QRrVqr

Rotation
v = qrVqr

The rotation is observed from a fixed position with re-
spect to the coordinate frame. A point v will be rotated
by angle ¢ around the z-axis. Without loss of general-
ity, the rotated point v* has coordinates different from
v within this frame. In a right-handed coordinate frame,
this rotation is mathematical positive for a positive an-
gle ¢, i.e., it is counter-clockwise.

The rotation is observed from a fixed position with re-
spect to the vector (point) v within the z-y-frame. This
frame is now rotated by angle ¢ around the z-axis; the
resulting frame is the *x-*y-frame. The vector maintains
its position within the z-y-frame, but in *x-*y-frame the
point has seemingly been rotated to a new position *v.
For the observer, the coordinate frame has been rotated
mathematical negative for a positive angle ¢ around the
z-axis, that is, clockwise.
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Both operations can also be carried out using matrices, which is often more suitable for programming®:

(@2 —054+¢  q1g2 — qogs @193 + q0q2 | [n
V'=2| qig2+qqs 43 —05+¢5 qag3—qoq1 | |v2| and (8)
| 103 — 032 4293+ qoq1 45 — 0.5+ 43| |vs]
(@3 —05+¢  qaz+qoas @13 — qogz | [v1]
V=2| g —qep @ -05+4¢ qa+apan | |v )
| 193 +q0g2 4203 —qoq1 g5 — 0.5+ ¢3] |vs]
4 Conversions
4.1 Euler Angles to Quaternion
Inputs Outputs

B Rotation sequence (e. g. X-Y-Z to first rotate
around the X-axis, then about the Y-axis and finally
about the Z-axis)

B Three angles a, 5 and ~ applied successively to the
rotation sequence (e. g. a applied to rotation about
X-axis, 3 applied to rotation about Y-axis, v applied
to rotation about Z-axis for the aforementioned
example)

u Q-uaternion q= [q07 q1,42, CI3]
(qo is the scalar part)

For the sake of readability, the following shorthands are used in the table below:

1.«
Sq = SIN —
2

! .
Sz = SIn —
A 2
|
S~ = S1In —
v 2

! «

ca:COSE
!

C3 = COS —

A 2

! 04

C~ — COS —

v 2

X-Y-X
X-Y-Z
X-Z-X
X-7-Y
Y-X-Y
Y-X-Z
Y-Z-X
Y-Z-Y
Z-X-Y
Z-X-7Z
7Z-Y-X
72-Y-Z

CaCBCy — 50535+,
CaCBCy — 84,C35~,

CaCBCy + SaSBS~,

= [caCBCy — 5aCBS~,
CaCBCy — 80535y,
CaCBCy — 8a.CBS~,

CaCBCy + SaSpS,

SaCBCy + CaCBSy,
SaCBCy + CaSES~,
S$aCBCy + CaCBSy,
SaCBCy — CaSBS,
CaSBCy + SaSBSy,
CaSpCy + SalBSy,
SaSBCy + CaCBS~,
SaSBCy — CaSBS~,
CaSBCy — SaCBSy,
CaSBCy t SaSpS,
CaCBS~y — SaS3Cy,

CaSBSy — SaSBCy,

CaSBCy + SaSBSy,
CaSBCy — SaCBSy,
CaSBSy — SaSBCx,
CaCBS~y — SaSpCy,
SaCBCy + CaCBS~,
SaCBCy — CaSBSy,
SaCBCy + CaSES~,
SaCBCy + CaCBSy,
SaSBCy + CaCBS~,
SaSBCy — CaSBS~,
CaSBCy + SaCBS~,

CaSBCy + SaSBSy,

Sa88Cy — CaSBS5y]
SaS8Cy + CaC3Sy]
CaS3Cy + 5a535]
CaSBCy + 5aC35,]
CaSBSy — SaSECy)
CaCBSy — SaS58Cy]
CaSBCy — SaC3Sy]
CaSBCy + Sa5854)
SaCRCy + CaS35y]
5aCBCy + CaCps,]
SaCRCy — CaS3Sy]

SaCBCy + CaCBSy]

o

the rotation quaternion g for a rotation of angle « about the axis u.

For the sake of simplicity, indices and arguments of the rotation quaternion have been omitted, i.e., go = qr,o(, u) is the scalar component of
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X-Y-X g = [CaCBCy — 56C35y,
X-Y-Z q = [caCBCy + 50585,
X-Z-X g = [€aCBCy — 56C35y,
X-Z-Y q = [caCBCy — 50585,
Y-X-Y g = [CaCBCy — 56C35y,
Y-X-Z q = [caCBCy — 50585,
Y-Z-X g = [CaCBCy + 50585+,
Y-Z-Y q = [€aCBCy — 50C35y,
Z-X-Y q = [cacpey + 5a585,
Z-X-Z q = [CaCBCy — 50C35y,
Z-Y-X q = [caCBCy — 50585,
Z-Y-Z q = [CaCBCy — 50C35y,

SaCBRCy + CaCBS~,
SaCBCy — CaSBSy,
SaCBCy + CaCBSy,
SaCBCy + CaSES~,
CaSpCy + SaSBSy,
CaSBCy — SaCBSy,
CaCBSy — SaSBCy,
CaSBSy — SaSBC,
CaSBCy + SaCBSy,
CaSpCy + SaSBSy,
SaSBCy + CaCBS~,

8488Cy — CaS3S~,

CaSpCy t SaSBSy,
CaSBCy + SaCBS~,
SaSBCy — CaSBESy,
SaSBCy + CaCBS~,
SaCBCy t CaCBSy,
S8aCBCy + CaSBS~,
SaCBCy — CaSBSy,
SaCBCy + CaCBSy,
CaCBS~y — SaSECy,
CaSBSy — SaSBCy,
CaSBCy — SaCBSy,

CaSpCy + SaSBSy,

CaSBSy — SaS3Cy]
CaCBSy — SaSBCy]
CaSBCy + Sa5354]
CaSBCy — SaC3Sy]
5058Cy — CaSBS5y)
SaSBCy + CaCaSy]
CaSBCy T 8aCESY]
CaSBCy + SaS54]
SaCBCy — CaS3Sy]
5aCRCy + CaCB5y]
SaCRCy + CaS3Sy]

50CRCy + CaCB5y]

4.2 Quaternion to Euler Angles

Inputs

Outputs

B Quaternion ¢ = [qo, q1, 42, ¢3]
(qo is the scalar part)
B Rotation sequence (e. g. X-Y-Z to first rotate

about the Z-axis)

around the X-axis, then about the Y-axis and finally

B Three angles «, 3 and ~y applied successively to the
rotation sequence (e. g. o applied to rotation about
X-axis, 0 applied to rotation about Y-axis, v applied
to rotation about Z-axis for the example mentioned
on the left)

X_Y-X tana — 9093 — 4192
qog2 + q14s3
X_Y-7 tan o = 209 +2Q2Q32
0.5—q5—q35
X_7-X tan o — 1193 1 goge
4192 — 4043
qoq1 — 9293
X-7-Y tana = ————
0.5 -3 — a3
Y-X_Y tan o — D2 + qoqs3
4293 — qoq1
Y-X-7 tan o — 2092 —QQ1Q32
0.5—q5—q3
Y-7-X tan o — 2092 +2(Z1¢I32
0.5—¢q5 —qi
Y-Z-Y tan o — 2091 — 9203
q192 + 4oq3
7-X_Y tan o — 1093 -i-2(11(122
0.5 —q5 — g5
7-X_7 tan o — q0492 — 9193
qoq1 + 4293
Page 6 of 17
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_|_
cos B = 2(q3 + af) — 1 tan y = L DB
q193 — 4042
; qoq3 + 4192
sin 8 = 2(q193 — qoq2 tany = —— 1=
( ) 05-3 - &
qoq2 — 4143
cosfB=2(g+¢) -1 tany = ————
(@ ) v qogs + q192
g qoq2 — 41943
sin 8 = —2(qogq3 + q1 42 tany = ——5——
‘ ) 05-3 -
qoq3 — 4192
cosf=2(g2+¢2)—1 tan~y = 2 1112
(@ 2) v qoq1 + 243
g qoq3 — 4192
sin 8 = —2(qoq1 + 9293 tany = —/——5——5
‘ ) 05-3 - &
. qoq1 + 9293
sin 8 = 2(q192 — qogs3 tany = ———
( ) 0.5~ g5 — g3
_|_
cosB=2(¢5+¢3)— 1 tany = Qo 7+ P23
9192 — 4043
. qoq2 + 4193
sin 8 = 2(q2q3 — qoq1 tany = ——~—>
\ ) 0.5~ ¢f — a3
_|_
cosB=2(qg +¢3) — 1 tany = Q092 T N5
49293 — qoq1
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qoq3 — 4192
7Z-Y-X tana = —————"

0.5 — q(z) — q%
7.Y-7 tanq = 200 1 9243

41493 — qo9q2

X_Y-X tana — 142 1 qogs
qoq2 — 41943
qoq1 — 4243
X-Y-Z tanqg = —5——
@+q3—05
X_7-X tan o — 198 — doq2
Q192 + qog3
X_Z-Y tan o — gom 42—612Q3
qO + q5 — 0.5
YoX_Y tan o — 1192 — dods
Q091 + 9293
Y-X_7 tan o — ZOQQ 42- 9193
q0 + q3 — 0.5
qoq2 — 4143
Y-Z-X tanqg = —5——
@+q¢—05
Y-7-Y tano = 209 1 G243
qo4q3 — 4192
qoq3 — 4192
7Z-X-Y tanqg = ——F5——
@+q3—05
7-X_7 tan o — 2092 1 q143
qoq1 — 42943
7Y-X Gy — Z1Q2 -12- 9093
g5 +q7 — 0.5
7Y_7 tan o — 9293 — o1
qoq2 + Q193

: qoq1 — 42943
sin B = —2(qoq2 + q143 tany = ———5——>
\ ) 0.5 —q3 — a3
qoq1 — 9293
cosB=2(q)+¢3)—1 tan~y = 2091 — 9293
(@ +45) Qo092 + 9193

4192 — 4043
cosf=2(g+¢) -1 tany = ————
(@ v 7 193 + q09q2
. qoq3 — 4142
sin 8 = 2(q1q93 + qoge tany = 5——5——
( ) @+q¢—-05
+
cos B =2(¢¢ +¢})—1 tan~y = i sh 107
qoq3 — 4142
. qoq2 + q143
sin 8 = 2(qoq3 — q1G2 tany = 5—5——
( ) @+ —-05
+
cosB=2(¢¢+¢3)— 1 tan~y = iz 101
qoq1 — 4243
. q192 + qog3
sin 3 = 2(qoq1 — 243 tany = 5—————
( ) @+q3—05
. qoq1 — 42943
sin 8 = 2(q192 + qo0gs3 tany = 5——5——
( ) 4% +4¢5 =05
4243 — qoq1
cos B =2(q5 +¢3) — 1 tany = 243 — 900
(@ 2) Q192 + qoqs3
. 9092 — 4143
sin 8 = 2(qoq1 + q243 tany = 5————
( ) g +43 =05
q143 — qoq2
cos B =2(qf +¢3)—1 tan~ = 1198 — 9092
(@ +45) qoq1 + 9293
: qoq1 + 9293
sin 8 = 2(qoq2 — 143 tany = 55—
( ) @+q¢3—05
+
cosB=2(+¢)—1 tany = dody T 9293
qoq2 — 4143

4.3 Direction Cosine Matrix (DCM) to Quaternion

Inputs

Outputs

B Direction cosine matrix A (orthogonal or
near-orthogonal):
a1l G2 Q13
A= laxn ax ax

a31 asz2 a3z

B Quaternion ¢ = [qo, ¢1, g2, 43]
(qo is the scalar part)

This algorithm is also suitable for imprecise direction cosine matrices, i.e., near-orthogonal ones. The algorithm is

entirely taken from [1].

1. Construct the auxiliary matrix K3 as follows:

G11 — G22 — Aass

1 a1 + a2

K3 = -
3 az1 + ais
Qg3 — a32

2. Compute the eigenvalues of K.

az1 + a2 as1 + a3 Q23 — a32
Q22 — G11 — G33 a32 + a3 a3l — a13

a3z + a3 a3z — a11 — A22 a12 — G21

asy — ais a1z — ag1 ai1 + ag2 + ass
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3. Determine A, the largest eigenvalue of K.

4. Calculate the eigenvector b of K3 for the corresponding eigenvalue Ap,y.

5. The quaternion g is now g = by + b1 + jba + kbs.

4.4 Quaternion to Direction Cosine Matrix (DCM)

Inputs

Outputs

B Quaternion q = [qo, q1, g2, g3
(qo is the scalar part)

B Direction cosine matrix A

@+a—a -4 2(q192 — 9093) 2(q193 + qoq2)
A= 202+ q9) @-G+dB—d3  2(q2035 — qq)
L 2(q143 — q042) 2(q2q3 + qoq1) 45 — 4 — @3 + G5
B+ad—6 -3 2age+ 9063) 2(q193 — 9042)
A=| 20— ) @-E+B-3 2+ on)
| 2(q1¢3 + 042) 2(g2q3 — qoq1) 4§ — @ — 43 + ¢3]
4.5 Euler Angles to Rotation Matrix
Inputs Outputs

B Rotation sequence (e. g. X-Y-Z to first rotate
around the X-axis, then about the Y-axis and finally
about the Z-axis)

Three angles a, 5 and vy applied successively to the
rotation sequence (e. g. @ applied to rotation about
X-axis, 3 applied to rotation about Y-axis, v applied
to rotation about Z-axis for the aforementioned
example)

B Rotation matrix A

cos 8 sin cv sin 3 —cosasin 3
X-Y-X A= |sinfsiny cosacosy —sinacosBsiny  sinacosy + cosacos 3 sin~y
|sinScosy —sinacosfcosy —cosasiny cosacosfcosy — sinasiny
cosfBcosy sinasinfcosy + cosasiny sinasiny — cosasin 3 cosy
X-Y-Z A= | —cosfsiny cosacosy—sinasinBsiny sinacosy + cosa sin 3 sin~y
sin 3 —sina cos B cos acos 3
cos 8 cos asin 3 sin o sin 3
X-Z-X A= |—sinfBcosy cosacosfBcosy—sinasiny sinacosf3cosy 4 cosasiny
| sinfsiny —sinacosy — cosacosfsiny cosacosy — sinacos (3 sin-y
Page 8 of 17
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X-7Z-Y

Y-Z-X

Y-Z-Y

7-X-7Z

Z-Y-X

X-Y-X

X-Y-Z

X-7-X

—sinf cosacos 8
[cosBsiny cosasinfsiny — sina cosy

sin o sin 3 cos 3

cosacosy + sinasin Fsiny cosfsiny
sinasin fcosy — cosasiny  cos 3 cosy

sin v cos 3 —sin 3

cos v cos 3 sin 3

cosacos fcosy — sinasiny sin 3 cosy
—cosasinf3 cos 3

|sin @ cosy + coscos Ssiny sin (3 sin-y

sin o sin 8

cos v cos 3

cos asin 3

cos 3 sin ar sin 3

cos B cos7y sinasincosy — cosasinvy
cos Bsiny coscosy + sinasin 5 siny

—sin 8 sin « cos 3

cos 8 — cosacsin 3

sin S cosy cosacosf3cosy — sinasin-y

| sinsiny sinacosy 4 cosacos fsiny

cosacosy —sinacosSsiny  sinfsin~y

|sin cos S cosy + cosasiny — sin B cosy

sinasiny — cosasin S cosy  cosfcosy

|sinacosy + cosasinSsiny — cos 3 siny

sinf@siny  cosacosy — sinacos [ sin~y

|—sinScosy sinacoscosy + cosasiny

cos fcosy cosasinfcosy+ sinasiny sinasinfcosy — cosasiny

sin a cos 3

cos & cosy + sin asin 3 sin 7y

—sinacosy — cos acos B sin~y
cos asin 3

cos . cos 3 cosy — sinasiny

cos asin 3 siny — sin & cos y

cos asin 3 cosy + sin o sin 7y

cos acos 3

—sin . cos 3
sin v sin 3 cos y + cos a sin 7y

cos v cosy — sinasin g siny

— sin a cos 3 cosy — cos asin 7y
sin av sin 3

COS (x cOs 7y — sin « cos (3 sin 7y

cosacosy —sinasinfsiny sinacosy + cosasinfsiny —cossiny
—sinaccos 3 cos a.cos 8 sin 3
|sinasin B cosy + cosasiny sinasiny —cosasinfScosy  cosfcosy

coscosy —sinacos Ssiny  sinacosy + cosacosSsiny sinsin-y
—sinacos S cosy — cosasiny cosacos3cosy —sinasiny sin [ cos-y

—cosasin 3 cos 3

sin v cos 3 —sin g
cosasinBsiny —sinacosy cosacosy+ sinasinfsiny cos[Ssiny

cosasin S cosy + sinasiny sinasinfcosy —cosasiny cosfcosy

cosacos fcosy —sinasiny  sinacosfcosy + cosasiny —sinfcos7y
—sinacosy —cosacosBsiny cosacosy —sinacosfsiny  sinfsin~y

sin ¢ sin 3 cos 3

cosasin 3
— sin v cosy — cos v cos [ siny

cos v cos 3 cosy — sinasin 7y

sin o sin 7y + cos « sin 3 cos y
cos o sin 3 sin -y — sin a cos y

cos acos 3

sin av sin 3
— sin v cos 3 cosy — cos asiny

cos v cos -y — sin v cos 3 sin~y
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cosfcosy sinasin?y — cosasinfcosy sinasin S cosy + cossin-y
X-Z-Y A= sin 3 cos a cos 3 —sinacos 3
| —cosfsiny sinacosy + cosasinfsiny cosacosy — sinasinfsiny

cosqacosy —sinacosBsiny  sinfsiny sinacos?y + cosacos 3 siny
Y-X-Y A= sin o sin 3 cos 3 —cosasin 8
| —sinacos Scosy —cosasiny sinfScosy cosacos3cosy — sinasiny

cosacosy —sinasinBsiny —cosfsiny cosasinfsiny + sin @ cosy
Y-X-Z A = |sinasin Bcosy+ cosasiny cosfBcosy sinasiny — cosasin 3 cosy
L — sin . cos 3 sin 3 cos acos 3
cos acos 3 —sin 3 sin o cos 3
Y-Z-X A= |sinasiny + cosasinBcosy cosFcosy sinasin/3cosy — cosasiny

lcosasin Ssiny — sinacosy cosfsin7y cosacosy + sinasin 5 sin~y

cosacosfcosy —sinasiny —sinfcosy sinacoscosy + cosqsin-y
Y-Z-Y A= cos o sin 3 cosfB sin o sin 3
| —sinacosy —cosacosfBsiny sinfsiny  cosacosy — sina cos (3 siny

cosacosy +sinasinSsiny cosasinfsiny —sinacosy cos[sinvy
7Z-X-Y A= sin o cos 3 cos acos 3 —sinf8
|sinasin B cosy — cosasiny sinasiny + cosasinScosy cosfcosy

cosacosy —sinacos siny —sinacosy —cosacosfsiny  sinsin-y
Z-X-7Z A= |sinacosBcosy + cosasiny cosacosBcosy —sinasiny  —sin 3 cos7y
L sin v sin 3 cos asin 3 cos f3
cos acos 3 —sinacos f3 sin 3
Z-Y-X A= |cosasinfBsiny + sinacosy cosacosy —sinasinsiny — cos3sin~y

|sinasiny — cosasinBcosy sinasin/3cosy + cosasiny  cos 3 cosy

cosa cos fcosy —sinasiny —sinacos 5cosy — cosasiny sin 3 cosy
Z-Y-Z A = |sinacos Y+ cosacosfBsiny cosacosy —sinacosSsiny  sin[3sin7y
L —cosasinf3 sin oz sin 3 cos f3

5 Derivative of a Rotation Quaternion

5.1 Variant gg(t + At) = qr(At)qr(t)
In general, a time-dependent rotation quaternion gg(t) can be written as

a(t) a(t)

qr(t) = qr(a(t),u(t)) = |cos T,u(t) sinT , (11)

whereas «(t) is the rotation angle about the given axis of rotation u(t) at a given time ¢. As known from basic differ-
ential calculus, the derivative of a function f(z) can be defined via the limit of its difference quotient:

df(x) flz + Az) — f(2)

— =1 12
dx AzS0 Ax (12
Considering a time t + At > ¢, the derivative of the rotation quaternion gz (t) with respect to time is
dgr(t t+ At) — t
qr(t) _ . ar(t+ A1) — qr(t) (13)
dt At—0 At
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and one may define the resulting rotation quaternion at time ¢ + At expressed with reference to the initial orientation
gr(t) then as

qr(t + At) = qr(At)gr(t) (14)
= [cos a(QAt) ,u(t) sin a(QAt)] qr(t). (15)

The rotation angle «(At) is the increment of the rotation angle « at time ¢ + At with respect to the rotation angle «
at time ¢. Hence a(At) can be substituted by Ao

{COS a(QAt)

,u(t) sin a(At)} qr(t) o@hfe [cos Aa

A
22 ) sinﬂ an(?) (16)
Additionally, using the small-angle approximation’ one can obtain

cos 5 (0 sin 5 ant) ZEZE (1) 5 ant0 7)

dt  Ai—o At

= 5 [0,u(t)e] gr (1) (18)

with w = & being the angular velocity about the rotation axis u(t). Finally, this equation can be rewritten in terms of
a matrix multiplication:

0 —uUpw —Uyw —uw| |qro(t)

dgr(t) _ 1 uw 0 —Uw Uy qra(t) (19)
dt 2 |uygw  wsw 0 —upw| |gra(t)
Uz  —Uyw  UpWw 0 qr,3(t)

5.2 Variant qr(t + At) = qr(t)qr(At)

In general, a time-dependent rotation quaternion gr(t) can be written as

a(t)

qr(t) = qr(a(t),u(t)) = |cos T,u(t) sin@

a (20)
whereas «(t) is the rotation angle about the given axis of rotation u(t) at a given time ¢. As known from basic differ-
ential calculus, the derivative of a function f(z) can be defined via the limit of its difference quotient:

df(z) . flz+Az) - f(z)
dr Alglcﬂo Ax @1)

7 Using the small-angle approximation for the trigonometric functions is possible as there will be an infinitesimal small change in the rotation
angle in an infinitesimal small period in time, i.e. Acx — 0 for At — 0.
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Considering a time ¢ + At > ¢, the derivative of the rotation quaternion gz (t) with respect to time is

dqr(t) ~ lim qr(t + At) — qr(t)
dt At—0 At

(22)

and one may define the resulting rotation quaternion at time ¢ + At expressed with reference to the initial orientation
qr(t) then as

qr(t + At) = qr(t)qr(At) (23)

a(At) . a(At)
= qgr(t) [cos 5 ,u(t) sin 5 ]

(24)

The rotation angle «(At) is the increment of the rotation angle « at time ¢ + At with respect to the rotation angle «
at time ¢. Hence a(At) can be substituted by Aa

At At)| aanZaa A A
qr(t) |cos o ),u(t) sin o(AY) o@ah-fa qr(t) |cos —a,u(t) sin — (25)
2 2 2 2
Additionally, using the small-angle approximation® one can obtain
Aa . Ao sin A2 v A Aa
qr(t) {cos 5 u(t) sin 2} ﬁ qr(t) [1, u(t)Q] (26)
for qr(t + At). The evaluation of the difference quotient (eq. 22) yields now
dgr(t) I qr(t + At) — qr(?)
= lim
dt At—0 At
. qr(t) [1, 3u(t)Aa] — qr(t)
= lim
At—0 At
1, su(t)Aa] — 1
o . 1)
= ar(t) A At
[0, su(t)Ac]
_ . ’ 2
= dm A
1 AN
= 5¢r(t)[0,u(t)] lim =
— A=
1
= §qR(t) [0, u(t)w] (27)

with w = & being the angular velocity about the rotation axis u(t). Finally, this equation can be rewritten in terms of
a matrix multiplication:

0 —ugw —uyw —uw| [gro(t)

dgr(t) 1 |upw 0 uw  —uyw| [qr1(t) (28)
dt 2 |yyw —uw 0 Ugw qr.2(t)
Uz W Uy —UpWw 0 qr.3(t)

8 Using the small-angle approximation for the trigonometric functions is possible as there will be an infinitesimal small change in the rotation
angle in an infinitesimal small period in time, i.e. Aac — 0 for At — 0.
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6 Quaternion Interpolation Algorithms

6.1 Linear Interpolation (LERP)

Inputs Outputs

B Rotation quaternion g; B Interpolated quaternion g;
representing initial state at s = 0

B Rotation quaternion g,
representing final state at s = 1

B Interpolation position s on the path
between ¢ and ¢., 0 < s <1

1. Preparations:

a) Check if ¢; and g, are unit quaternions (otherwise throw exception):
qs; qe € Hh & [|gs]| = [lgel| = 1 (29)

b) Check if s is in the range of [0, 1], otherwise throw exception.

2. Compute the interpolated quaternion g; as

qi = QS(]- - 3) + ges. (30)

6.2 Spherical Linear Interpolation (SLERP)

Inputs Outputs

B Rotation quaternion g; M Interpolated quaternion g;
representing initial state at s = 0

B Rotation quaternion ¢,
representing final state at s = 1

B Interpolation position s on the path
between ¢s and ¢., 0 < s <1

6.2.1 Algorithm by Dam, KocH and LiLLHOLM
1. Preparations:

a) Check if ¢, and g, are unit quaternions (otherwise throw exception):

Gs: e € Hi & [|gs]| = [lgell = 1 (31)

b) Check if s is in the range of [0, 1], otherwise throw exception.

2. Compute the interpolated quaternion g; as

q; = (QE(ZS)SQS- (32)
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6.2.2 Algorithm by BRONSTEIN

1. Preparations:

a) Check if g5 and ¢, are unit quaternions (otherwise throw exception):

ds:qe € Hi & [[gs]| = gl =1 (33)
b) Check if s is in the range of [0, 1], otherwise throw exception.
2. Check for special case:
a) If gs = [1,0,0,0]:
i. Extract the angle’ ¢ between ¢4 and ¢ out of g,:
COS Y = (e (34)
ii. Extract the normalized rotation axis of ¢.:
1
q (35)
sing|gell
iii. Compute the interpolated rotation quaternion ¢; as
q; = cos(sp) + U, sin(sy). (36)
b) Otherwise:
i. Determine the angle’ ¢ between ¢ and g, by evaluating the dot product
cosp = _{ds:4e) : (37)
”(Is” : ”qe“

ii. Compute the interpolated rotation quaternion ¢; as

m (FO=09)  (sle)) .
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A The MATLAB Quaternion Class

A.1 How To Create an Object of the Quaternion Class

Constructor Call

Quaternion()

Example:

Quaternion()

Quaternion(
double[1x4] argl

)

Example:

Quaternion([s,i,J,k])

Quaternion(
double[3x1] argl
)

Example:
Quaternion([i;3;k])

S

double[1x1]

argl(1,1)

i

double[1x1]

argl(1,2)

argl(1,1)

J

double[1x1]

argl(1,3)

argl(2,1)

k

double[1x1]

argl(1,4)

argl(3,1)

notation
char[1x...]

’math’

’math’

Quaternion(
’notation’, char[lx...] arg2

)

Example:
Quaternion(’notation’, ’space’)
Quaternion(
double[1x1] argl,
double[3x1] arg2
)

Example:
Quaternion(s,[i;3;k])
Quaternion(
double[3x1] argl,
double[1x1] arg2
)

Example:
Quaternion([i;3;k],s)

NaN

argl

arg2

NaN

arg2(1,1)

argl(1,1)

NaN

arg2(2,1)

argl(2,1)

NaN

arg2(3,1)

argl(3,1)

arg2™®

’math’

’space’

Quaternion(
double[1x1] argl,
double[1x1] arg2,
double[1x1] arg3

)

Example:

Quaternion(i,j,k)

10 must either be *math’ or ’space’

argl

arg2

arg3

’math’
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Quaternion( argl(1,1) argl(1,2) argl(1,3) argl(1,4) ’math’
double[1x4] argl
’notation’, ’math’

)
Example:

Quaternion([s,1i,j,k],’notation’,’math’)
Quaternion( argl(1,4) argl(1,1) argl(1,2) argl(1,3) ’space’
double[1x4] argl

’notation’, ’space’

)
Example:

Quaternion([i,j,k,s],’notation’,’space’)
Quaternion( %] argl(1,1) argl(2,1) argl(3,1) arg3™
double[3x1] argl
’notation’, char[1x...] arg3

)
Example:

Quaternion([i;j;k],’notation’,’math’)

Quaternion( argl arg2 arg3 argl ’math’
double[1x1] argl,
double[1x1] arg2,
double[1x1] arg3,
double[1x1] argd

)

Example:

Quaternion(s,i,j,k)

Quaternion( argl arg2(1,1) arg2(2,1) arg2(3,1) arga™
double[1x1] argl,
double[3x1] arg2,
’notation’, char[1x...] argd

)
Example:

Quaternion(s,[i;j;k],’notation’,’math’)

Quaternion( arg2 argl(1,1) argl(2,1) argl(3,1) arga™
double[3x1] argl,
double[1x1] arg2,
’notation’, char[lx...] argd

)
Example:

Quaternion([i;j;k],s,’notation’,’math’)

Quaternion( 0 argl arg2 arg3 arg5™
double[1x1] argl,
double[1x1] arg2,
double[1x1] arg3,
’notation’, char[1x...] argh

)
Example:

Quaternion(i,j,k,’notation’,’math’)
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Quaternion(
double[1x1] argl,
double[1x1] arg2,
double[1x1] arg3,
double[1x1] arg4,
’notation’, ’math’

)
Example:

Quaternion(s,i,j,k,’notation’,’math’)
Quaternion(

double[1x1] argl,

double[1x1] arg2,

double[1x1] arg3,

double[1x1] arg4,

’notation’, ’space’

)

Example:
Quaternion(i,j,k,s,’notation’,’space’)

argl arg2 arg3 argsd ’math’

argad argl arg2 arg3 ’space’

A.2 Warning ldentifiers

Quaternion:AngleNotNormalized

Quaternion:IsNotUnit

Quaternion:NotationSequenceMismatch

Quaternion:NotationTypeMismatch

Quaternion:OperationNotDefined

Quaternion:VecNotUnitLength

An given or calculated angle is not normalized to be in an expected range, e. g.
[0, 27).

A given or calculated quaternion is not a unit quaternion; hence it does not
represent a proper rotation/orientation in R,

The given sequence of quaternion components does not match the notation type
specified.

During an operation of two or more objects of class Quaternion at least one
involved Quaternion has a different notation type.

The operation requested is not defined and hence returned an Inf, -Inf, or NaN.
The natural logorarithm of the quaternion ¢ = [0, 0, 0, 0], for example, is
undefined

A given or calculated vector does not have unit length, i. e. its 2-norm is not
lIvll = 1.

A.3 Exception Identifiers

Quaternion:InputOutOfRange

Quaternion:NotImplemented

Quaternion:SignatureMismatch

Quaternion:UnexpectedException

One or more inputs are not within the expected range.

The feature or method is not implemented yet. This exception may only be
thrown for a certain input or parameter combination.

This exception is thrown if the function call and the function signature do not
match, i. e. the number of arguments or their types are incorrect.

An unexpected exception was raised. This is due to a programming error inside
the Quaternion class. Please inform the author via e-mail to
mail@rene-schwarz.com including the commands leading to this exception.
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