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Memorandum Ne 3

Trigonometric Functions

Note: All angles in this paper are given in radians, unless otherwise stated.

1 Trigonometric functions and their definitions

hypothenuse
C

B

(Image Credit: [3])

Function  Abbreviation Geometric Description Identities
. . site .
Sine sin(a) sinq = 2 — 4 sina = cos (@ — %)
1ypothenuse C 2
. __ _adjacent _ b . s
Cosine cos(a) coso = o = cosa =sin (a + %)
sit i
Tangent tan(a) tanq = 22 = ¢ tano = 2L —cot (£ — ) = ——
adjacent b cos o 2 cot o
adje t
Cotangent cot(a) cotq = dxent _ b cota =2 —tan ( —a) = &
opposite a sin o 2 tan o
hypothenuse __ ¢
Secant sec(a) seca = 2L = seca =csc (3 —a) =
adjacent b 2 cos o
hypothenuse [
Cosecant cse(a) cscop = S — £ e =sec (3 —a) = o
opposite a 2 sin
2 Shorthands
N Shorthand Name Shorthand
ame orthan
dsi ] . 2. half coversed sine (hacoversine) hacoversin o = 1=Sine
versed sine (versine) versina = 2sin” & =1 —cosa half . . i  {hsna
2 alf coversed cosine (hacovercosine) ~ hacovercosin « = 5=

versed cosine (vercosine)
coversed sine (coversine)
coversed cosine (covercosine)
half versed sine (haversine)

half versed cosine (havercosine)

vercosin « = 2 cos
coversince = 1 — sina«
covercosin @ = 1 + sin «
1—cos o

2
l—sino

haversin @ =

havercosin « =

g =1+cosa

exterior secant (exsecant)
exterior cosecant (excosecant)
chord

sinus cardinalis (cardinal sine)

exsecx = seca — 1
excscax = cscax — 1

crda = 2sin §

sin(ra)

sinc o normalized)

sinc @ = *22 (unnormalized)

3 Important values of the basic trigonometric functions

0 |gm|g7|sm|gn| 8n | Sn | 8| m | & | S| G| 37| S | I | Hgm| 2n

0° [30°[45°[60°|90° [120°[135°|150° |180°(210° [225°[240°|270°[300°|315° |330° [360°
: V2| V3 V3 | V2 V2| _ V3 V3|_ V2
sinal 0 |5 32|52 1 |5 12 3 |0 |—5 |25 1|2/ —5] 0
ol [P 0 |3 | A B e 4]0 [ 3 [ 2] %[
tana| 0 |3 1 |vV3|too|—v3| =1 |- 0 | 2| 1 | V3 |too|-v3| -1 |- 0
cotaftoolv3| 1 [¥2]| 0 [—| —1 |—vB|tee| V3| 1 | L | 0 || -1 |-v3|t
Mnemonics for sine and cosine:

0° [30°[45°|60°(90°|120° [135° |150° [180°(210° |225°[240°|270° [300°|315° |330° [360°
inal 0| VI V2| VB VA| VB | V2 | VI | MO |_VI|_ V2| V8| VA|_VB|_v2|_Vi| V0
Smal5173 |2 |72 |2 2 2 2 2 Pl 2 2 2 | 2

VA VB V2(VI|NVO|_VI|_ V2| V3| VAl V3|_V2|_VI| VO | VI | V2| V3|4
COS3 |3 |72 |2 |72 p 2 2 2 2 2 2| "2 2 2 2 2

(Image Credit: [4])
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4 Pythagorean and related trigonometric identities

cos2a+sin2a =1

(Pythagorean Identity,
named after

PYTHAGORAS of Samos

‘O Mubayopag 6 Tdpiog)

2 1
1+tan" oo = ——
cos? o
= sec? a
2 1
1+cota=—
sin“ «
=csc’a

Symmetry
sin(—a) = —sina
cos(—a) = cos
tan(—a) = —tana
cot(—a) = —cota
sec(—a) = seca
csc(—a) = —csca

Symmetry, shifts and periodicity

in terms of sin o cos tan o cot o sec csc o
tan o 1 Vsec? o — 1 1
sina = sin v +v1—cos?2a |+ + +
V1 + tan? o V1 + cot? o sec csc o
- 1 cot o 1 Vese2a — 1
cosa = | £v/1 —sin? « cos o + - +—
V1 + tan o 1 + cot? o sec csc o
sin v V1 — cos? 1 1
tana = |+ + tan « +vsecta — 1| t—m—oo
V1 —sin? o cos cot csc2 v — 1
V1 —sin? cos 1 1
cota = |+ - + cot o +——-— | tVescPa—1
sin v 1—cos?2a tan o VsecZ o — 1
1 1 V1 4+ cot? csc o
seca = | +—0—1"n-— +vV1+tan2a | F——— sec _—
V1 —sin? o cos o cota Vesc2a — 1
1 1 V1 + tan? o sec
csca = - + + +vVliteotla | t—m csc
sin V1= cos? a tan o Vsec2a — 1
Shifts Periodicity
(k € 7)
T = T—a| T—a a+ g a+nm | a+ 27 sin(a+ k- 27) = sina
SIMx = Cos sSm & COos «x — S« s & COS(Q + k- 271') = cos
COsSx = sin — COs ¥ —SsSimno — COs ¥ cos
tan(a + k- 7) = tana
tanx = cot o —tana | —cotw tan « tan «
cotz= | tana | —cota | —tana cota cota cot(aw + k- ) = cotar
sect = | csca | —seca | —csca | —seca | secw sec(a + k - 2m) = sec
cscx = | seca csca sec o —csca | csca csc(o+ k- 27) = escav

6 Addition theorems, sum and difference identities of two functions

sin(a + 3) = sinacos B + cos asin 8 sina +
cos(aw = 3) = cosawcos B F sinasin 8 sina —
tan(a + 3) = % cosa +
cot(a+ B) = % cosa —

7 Products of two functions

sin « sin

cos a sin

B =
B=

o= NI

(cos(
(sin(

a — ) — cos(a + B))
a — ) —sin(a + B))

8 Power reduction formula

s1nﬂ—23ma+ﬁcos%B tanaitanﬂz%
sin 3 = 2 cos a+5 ”_[3 cota+cotf3 = :tzr:s:nﬁg
Cos,B—Qcosa+B cos QB tana+cot6:%
s1n,6’—7251na—+ﬂsm a=p cotaftanB:%
sinacos B = 3 (sin(a — B) + sin(a + B))
cosacos 3 = 1 (cos(a — ) + cos(a + 3))

Sine Cosine
% rL 1
n 2 (w—l _ ) n .
n odd sin” o = — ];)(—1) (k:) sin ((n — 2k)a) cos" o = o Z < ) cos ((n — 2k)a)
g £ 1 g 10
n _ n i _ (ﬂ—k) _ n _ n i _
neven | sin a = o n + o I;( iz ( )cos((n 2k)a) | cos™ o = o ( ) + o Z (k> cos ((n — 2k)a)
=0 2 k=0
2 1 — cos(2a) .3 3sina — sin(3a) 4 cos(4a) — 4cos(2a) + 3
sin” o = ————— sin” o = sin” a = 3
2 1+ cos(2a) 3 cos(3a) + 3cosa 4 cos(4a) + 4 cos(2a) + 3
cos"a=———F—+- cos"a=——F——— cos” a=
2 4 8
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9 Multiple-angle formulae

n
. _ n k cn—k .. w(n—k) _ tan(nf)+tan b
sin(nf) = kZO (%) cos® 0 sin™ % @ sin "= tan((n + 1)0) = T—tan(nf) an@
n
_ n k son—k w(n—k) __ cot(nB) cot0—1
cos(nf) = kz:o (}) cos® B sin™ " 0 cos Zn cot((n +1)0) = <y reors
sin x cosT tanx cotx
_ . _ 2tana 2 2 _ 1—tan? o 2 tan o cot? a—1
r =2« 2sinacosa = Tra? & cos” a — sin™ o = T Ton o oot
. . tan3 3 .
z =3« 3sina — 4sin® a 4 cos® o — 3cos o Stana—tan”_a cot” a—3cotax
1—3tan® o 3cot® a—1
_ 3 : . 4 2 4tan a—4tan® o cot* a—6 cot? a+1
r =4a | 8cos’ asina —4cosasina 8cos"a— 8cos“a+ 1 T—6tn? attanla T o Ao

10 Half-angle formulae

oo 1 _ a l—cosax __ 1l—cosa __ sin o _ _

sin § = £4/5(1 — cosa) tan g = £/ Treoa = sra = Tiesa = CSCa — cota
o 1 o l4cosa __ l4cosa __ sin _

cos § =%4/5(1 4 cosa) cot § =y /es = ST — _SRe— — csca + cota

11 Inverse trigonometric functions

11.1 Definition of the inverse trigonometric functions

Trig. function | Name of inverse fct. | Abrreviation Domain Codomain

sine arcsine arcsin « —-1<a<l1 —35 Sarcsina < §

cosine arccosine arccos «o —-1<a<1 0 <arccosa <

tangent arctangent arctan « acR —% < arctana < g
cotangent arccotangent arccot o acR 0 < arccota < 7

secant arcsecant arcsec o a< —-lorl <a| 0<Larcseca < g or g < arcseca < T
cosecant arccosecant arccsc o a< —-lorl<a —g < arcesca < 0or 0 < arcesca < %

11.2 Relationships between trigonometric functions and inverse trigonometric

functions
sin(arcsina) =, —1 < a <1 cos(arccosa) = a, -1 <a <1
« for -3 <a<? « for0<a<mw
arcsin(sina) = ¢ ™ — « for 7 <a<?2r arccos(cos ) =} 2T — « formr < a <27
2m-periodic  cont’d 2m-periodic  cont’d

sin(arccos ) = cos(arcsina) = /1 — a?

cos(arctan ) =

tan(arccos o) =

1
14«2
1—a?

«

«
1+a?

o

sin(arctan o) =

i

tan(arcsin ) = ==
—Q

11.3 Relationships among the inverse trigonometric functions

arcsin

™

@

@

a = 7 — arccos o = arctan - arccos @ = % — arcsin o = arccot =
—x —
arctan o = 7 — arccot o = arcsin —= arccota = 5 — arctan o = arccos —==
2 vV 1+4a? 2 RV4 14?2
arccsca = 3 — arcsec o arctana +arctan § =35, a 20
arcsin(—«) = — arcsin o arccos(—a) = 7 — arccos o
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arctan(—a) = — arctan « arccot(—a) = m — arccot
arcsec(—a) = m — arcsec o arcesc(—a) = — arcesc «
arcsin = = arccsc o arccos = = arcsec o
1 arccot o fora >0 1 arctan o foraa >0
arctan — = arccot -, =
—7m +arccotar  fora < 0 w4+ arctana  for a < 0

arcsec é = arccos « arccsc é = arcsin «

12 Power series expansions, infinite product formulae

e (=D s 1 g 1
sma—zomﬁz —ozfga +aa — ... forx € R
oo
-1)" 1 1
cosazz(@n))! calm zl—aaQ—&—Joﬁ—... forr e R
n=0

i — . . .
- sina = ——— arcsina = —iln (1a+\/1 fa2)
cisa = e'“ = cosa +isina
_ eia+e—io¢ _ .
(EuLer’s Formula) cosa = —— arccosa = —iln (a + vVa? — 1)
. i —ia . .
—ia __ _ cei (L no— -£-——¢ ° retana = & 1In [ £
e ' = cos(—a) +isin(—a) tan o i(@otein) arctan & = 3 i—a
=cosa —isina i(el i)

cota =

el _e—ic

i a—i
arccota = 5 In (a+i)

T _ _ 2 . 1 i
e =—1 SeCq = mrTw arcseca-—lln(E—i—\/l—?)
(2+

’s Identit )

EULER 5 ) n

s = e arccscae = —iln | = - —2)
€ —e [e3 «
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