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Memorandum№ 3

Trigonometric Functions

Note: All angles in this paper are given in radians, unless otherwise stated.

1 Trigonometric functions and their definitions

(Image Credit: [3])

Function Abbreviation Geometric Description Identities

Sine sin(α) sinα = opposite
hypothenuse = a

c
sinα = cos

(
α− π

2

)
Cosine cos(α) cosα = adjacent

hypothenuse = b
c

cosα = sin
(
α+ π

2

)
Tangent tan(α) tanα = opposite

adjacent =
a
b

tanα = sinα
cosα = cot

(
π
2
− α

)
= 1

cotα
Cotangent cot(α) cotα = adjacent

opposite = b
a

cotα = cosα
sinα

= tan
(
π
2
− α

)
= 1

tanα

Secant sec(α) secα = hypothenuse
adjacent = c

b
secα = csc

(
π
2
− α

)
= 1

cosα
Cosecant csc(α) cscα = hypothenuse

opposite = c
a

cscα = sec
(
π
2
− α

)
= 1

sinα

2 Shorthands

Name Shorthand

versed sine (versine) versinα = 2 sin2 α
2 = 1 − cosα

versed cosine (vercosine) vercosinα = 2 cos2 α
2 = 1 + cosα

coversed sine (coversine) coversinα = 1 − sinα

coversed cosine (covercosine) covercosinα = 1 + sinα

half versed sine (haversine) haversinα = 1−cos α
2

half versed cosine (havercosine) havercosinα = 1−sin α
2

Name Shorthand

half coversed sine (hacoversine) hacoversinα = 1−sin α
2

half coversed cosine (hacovercosine) hacovercosinα = 1+sin α
2

exterior secant (exsecant) exsecα = secα − 1

exterior cosecant (excosecant) excscα = cscα − 1

chord crdα = 2 sin α
2

sinus cardinalis (cardinal sine) sincα =
sin(πα)

πα (normalized)
sincα = sin α

α (unnormalized)

3 Important values of the basic trigonometric functions
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Mnemonics for sine and cosine:
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4 Pythagorean and related trigonometric identities

cos2 α+ sin2 α = 1

(Pythagorean Identity,
named after

Pythagoras of Samos
Ὁ Πυθαγόρας ὁ Σάμιος)

1 + tan2 α =
1

cos2 α
= sec2 α

1 + cot2 α =
1

sin2 α
= csc2 α

in terms of sinα cosα tanα cotα secα cscα

sinα = sinα ±
√

1 − cos2 α ±
tanα

√
1 + tan2 α

±
1

√
1 + cot2 α

±
√

sec2 α − 1

secα
1

cscα

cosα = ±
√

1 − sin2 α cosα ±
1

√
1 + tan2 α

±
cotα

√
1 + cot2 α

1

secα
±

√
csc2 α − 1

cscα

tanα = ±
sinα

√
1 − sin2 α

±
√
1 − cos2 α

cosα
tanα

1

cotα
±
√

sec2 α − 1 ±
1

√
csc2 α − 1

cotα = ±
√
1 − sin2 α

sinα
±

cosα
√
1 − cos2 α

1

tanα
cotα ±

1
√

sec2 α − 1
±
√

csc2 α − 1

secα = ±
1

√
1 − sin2 α

1

cosα
±
√

1 + tan2 α ±
√
1 + cot2 α

cotα
secα ±

cscα
√

csc2 α − 1

cscα =
1

sinα
±

1
√
1 − cos2 α

±
√
1 + tan2 α

tanα
±
√

1 + cot2 α ±
secα

√
sec2 α − 1

cscα

5 Symmetry, shifts and periodicity

Symmetry

sin(−α) = − sinα
cos(−α) = cosα
tan(−α) = − tanα
cot(−α) = − cotα
sec(−α) = secα
csc(−α) = − cscα

Shifts

x = π
2
− α π − α α+ π

2
α+ π α+ 2π

sinx = cosα sinα cosα − sinα sinα
cosx = sinα − cosα − sinα − cosα cosα
tanx = cotα − tanα − cotα tanα tanα
cotx = tanα − cotα − tanα cotα cotα
secx = cscα − secα − cscα − secα secα
cscx = secα cscα secα − cscα cscα

Periodicity
(k ∈ Z)

sin(α+ k · 2π) = sinα
cos(α+ k · 2π) = cosα
tan(α+ k · π) = tanα
cot(α+ k · π) = cotα

sec(α+ k · 2π) = secα
csc(α+ k · 2π) = cscα

6 Addition theorems, sum and difference identities of two functions

sin(α± β) = sinα cosβ ± cosα sinβ sinα+ sinβ = 2 sin α+β
2

cos α−β
2

tanα± tanβ = sin(α±β)
cosα cos β

cos(α± β) = cosα cosβ ∓ sinα sinβ sinα− sinβ = 2 cos α+β
2

sin α−β
2

cotα± cotβ = ± sin(α±β)
sinα sin β

tan(α± β) = tanα±tan β
1∓tanα tan β

cosα+ cosβ = 2 cos α+β
2

cos α−β
2

tanα+ cotβ = cos(α−β)
cosα sin β

cot(α± β) = cotα cot β∓1
cot β±cotα cosα− sinβ = −2 sin α+β

2
sin α−β

2
cotα− tanβ = cos(α+β)

sinα cos β

7 Products of two functions

sinα sinβ = 1
2
(cos(α− β)− cos(α+ β)) sinα cosβ = 1

2
(sin(α− β) + sin(α+ β))

cosα sinβ = 1
2
(sin(α− β)− sin(α+ β)) cosα cosβ = 1

2
(cos(α− β) + cos(α+ β))

8 Power reduction formula

Sine Cosine

n odd sinn α =
2

2n

n−1
2∑

k=0

(−1)

(
n−1
2

−k
)(n

k

)
sin ((n− 2k)α) cosn α =

2

2n

n−1
2∑

k=0

(n
k

)
cos ((n− 2k)α)

n even sinn α =
1

2n

(n
n
2

)
+

2

2n

n
2
−1∑

k=0

(−1)(
n
2
−k)

(n
k

)
cos ((n− 2k)α) cosn α =

1

2n

(n
n
2

)
+

2

2n

n
2
−1∑

k=0

(n
k

)
cos ((n− 2k)α)

sin2 α =
1− cos(2α)

2
sin3 α =

3 sinα− sin(3α)
4

sin4 α =
cos(4α)− 4 cos(2α) + 3

8

cos2 α =
1 + cos(2α)

2
cos3 α =

cos(3α) + 3 cosα
4

cos4 α =
cos(4α) + 4 cos(2α) + 3

8
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9 Multiple-angle formulæ

sin(nθ) =
n∑

k=0

(
n
k

)
cosk θ sinn−k θ sin π(n−k)

2
tan((n+ 1)θ) = tan(nθ)+tan θ

1−tan(nθ) tan θ

cos(nθ) =
n∑

k=0

(
n
k

)
cosk θ sinn−k θ cos π(n−k)

2
cot((n+ 1)θ) = cot(nθ) cot θ−1

cot(nθ)+cot θ

sinx cosx tanx cotx

x = 2α 2 sinα cosα = 2 tanα
1+tan2 α

cos2 α− sin2 α = 1−tan2 α
1+tan2 α

2 tanα
1−tan2 α

cot2 α−1
2 cotα

x = 3α 3 sinα− 4 sin3 α 4 cos3 α− 3 cosα 3 tanα−tan3 α
1−3 tan2 α

cot3 α−3 cotα
3 cot2 α−1

x = 4α 8 cos3 α sinα− 4 cosα sinα 8 cos4 α− 8 cos2 α+ 1 4 tanα−4 tan3 α
1−6 tan2 α+tan4 α

cot4 α−6 cot2 α+1
4 cot3 α−4 cotα

10 Half-angle formulæ

sin α
2
= ±

√
1
2
(1− cosα) tan α

2
= ±

√
1−cosα
1+cosα = 1−cosα

sinα
= sinα

1+cosα = cscα− cotα

cos α
2
= ±

√
1
2
(1 + cosα) cot α

2
= ±

√
1+cosα
1−cosα = 1+cosα

sinα
= sinα

1−cosα = cscα+ cotα

11 Inverse trigonometric functions

11.1 Definition of the inverse trigonometric functions

Trig. function Name of inverse fct. Abrreviation Domain Codomain

sine arcsine arcsinα −1 ≤ α ≤ 1 −π
2
≤ arcsinα ≤ π

2

cosine arccosine arccosα −1 ≤ α ≤ 1 0 ≤ arccosα ≤ π

tangent arctangent arctanα α ∈ R −π
2
< arctanα < π

2

cotangent arccotangent arccotα α ∈ R 0 < arccotα < π

secant arcsecant arcsecα α ≤ −1 or 1 ≤ α 0 ≤ arcsecα < π
2
or π

2
< arcsecα ≤ π

cosecant arccosecant arccscα α ≤ −1 or 1 ≤ α −π
2
≤ arccscα < 0 or 0 < arccscα ≤ π

2

11.2 Relationships between trigonometric functions and inverse trigonometric
functions

sin(arcsinα) = α, −1 ≤ α ≤ 1 cos(arccosα) = α, −1 ≤ α ≤ 1

arcsin(sinα) =


α for − π

2
≤ α ≤ π

2

π − α for π
2
≤ α ≤ 3π

2

2π-periodic cont’d
arccos(cosα) =


α for 0 ≤ α ≤ π

2π − α for π ≤ α ≤ 2π

2π-periodic cont’d
sin(arccosα) = cos(arcsinα) =

√
1− α2 sin(arctanα) = α√

1+α2

cos(arctanα) = 1√
1+α2

tan(arcsinα) = α√
1−α2

tan(arccosα) =
√

1−α2

α

11.3 Relationships among the inverse trigonometric functions

arcsinα = π
2
− arccosα = arctan α√

1−α2
arccosα = π

2
− arcsinα = arccot α√

1−α2

arctanα = π
2
− arccotα = arcsin α√

1+α2
arccotα = π

2
− arctanα = arccos α√

1+α2

arccscα = π
2
− arcsecα arctanα+ arctan α

2
= ±π

2
, α ≷ 0

arcsin(−α) = − arcsinα arccos(−α) = π − arccosα

Page 3 of 4
version: 2017/10/05 14:56



M.Eng. René Schwarz (rene-schwarz.com): Memorandum Series
Trigonometric Functions (Memorandum № 3)

arctan(−α) = − arctanα arccot(−α) = π − arccotα

arcsec(−α) = π − arcsecα arccsc(−α) = − arccscα

arcsin 1
α
= arccscα arccos 1

α
= arcsecα

arctan 1
α
=

{
arccotα for α > 0

−π + arccotα for α < 0
arccot 1

α
=

{
arctanα for α > 0

π + arctanα for α < 0

arcsec 1
α
= arccosα arccsc 1

α
= arcsinα

12 Power series expansions, infinite product formulæ

sinα =
∞∑

n=0

(−1)n

(2n+ 1)!
· α2n+1= α− 1

3!
α3 +

1

5!
α5 − . . . for x ∈ R

cosα =

∞∑
n=0

(−1)n

(2n)!
· α2n = 1− 1

2!
α2 +

1

4!
α4 − . . . for x ∈ R

sinα = α
∞∏

n=1

(
1− α2

π2n2

)
cosα =

∞∏
n=1

(
1− α2

π2(n− 1
2
)2

)

13 Relationship to the complex exponential function

cisα = eiα = cosα+ i sinα
(Euler’s Formula)

e−iα = cos(−α) + i sin(−α)

= cosα− i sinα

eiπ = −1

(Euler’s Identity)

sinα = eiα−e−iα

2i arcsinα = −i ln
(
iα+

√
1− α2

)
cosα = eiα+e−iα

2
arccosα = −i ln

(
α+

√
α2 − 1

)
tanα = eiα−e−iα

i(eiα+e−iα)
arctanα = i

2
ln
(

i+α
i−α

)
cotα =

i(eiα+e−iα)
eiα−e−iα arccotα = i

2
ln
(

α−i
α+i

)
secα = 2

eiα+e−iα arcsecα = −i ln
(

1
α
+

√
1− i

α2

)
cscα = 2i

eiα−e−iα arccscα = −i ln
(

i
α
+

√
1− 1

α2

)
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