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Memorandum№ 1

Keplerian Orbit Elements −→ Cartesian State Vectors

Inputs Outputs

� a traditional set of Keplerian Orbit Elements
– Semi-major axis a [m]
– Eccentricity e [1]
– Argument of periapsis ω [rad]
– Longitude of ascending node (LAN) Ω [rad]
– Inclination i [rad]
– Mean anomaly M0 = M(t0) [rad] at epoch t0 [JD]

� considered epoch t [JD], if different from t0
� standard gravitational parameter µ = GM of the central

body, if different from Sun (G…Newtonian constant of
gravitation [ m3

kg·s2 ], M…central body mass [kg])

� cartesian state vectors
– position vector r(t) [m] or [AU]
– velocity vector ṙ(t) [ms ] or [

AU
d ]

1 Algorithm

1. Calculate or set M(t):

a) If t = t0: M(t) = M0.

b) If t ̸= t0:1

i. Determine the time difference ∆t in seconds with

∆t = 86 400(t− t0). (1)

ii. Calculate mean anomaly M(t) from

M(t) = M0 +∆t

√
µ

a3
(2)

with µ = µÀ = 1.327 124 400 41 · 1020 (±1 · 1010) m3

s2 for the Sun as central body. Normalize M(t) to
be in [0, 2π).

2. Solve Kepler’s Equation M(t) = E(t) − e sinE for the eccentric anomaly E(t) with an appropriate method
numerically, e.g. the Newton–Raphson method2:

f(E) = E − e sinE −M (3)

Ej+1 = Ej −
f(Ej)
d

dEj
f(Ej)

= Ej −
Ej − e sinEj −M

1− e cosEj
, E0 = M (4)

3. Obtain the true anomaly ν(t) from

ν(t) = 2 · arctan2
(√

1 + e sin E(t)

2
,
√
1− e cos E(t)

2

)
, (5)

1 Be aware that Orbit Elements change over time, so be sure to use one set of Orbit Elements given for a certain epoch t0 only for a small time
interval (compared to the rate of changes of the Orbit Elements) around t0.

2 Argument (t) omitted for the sake of simplicity.
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where arctan2 is the two-argument arctangent function

arctan2(y, x) =



arctan
(
y
x

)
x > 0

arctan
(
y
x

)
+ π y ≥ 0, x < 0

arctan
(
y
x

)
− π y < 0, x < 0

+π
2 y > 0, x = 0

−π
2 y < 0, x = 0

undefined y = 0, x = 0

. (6)

4. Use the eccentric anomaly E(t) to get the distance to the central body with

rc(t) = a(1− e cosE(t)). (7)

5. Obtain the position and velocity vector o(t) and ȯ(t), respectively, in the orbital frame (z-axis perpendicular to
orbital plane, x-axis pointing to periapsis of the orbit):

o(t) =

ox(t)
oy(t)
oz(t)

 = rc(t)

cos ν(t)
sin ν(t)

0

 , ȯ(t) =

ȯx(t)
ȯy(t)
ȯz(t)

 =

√
µa

rc(t)

 − sinE√
1− e2 cosE

0

 (8)

6. Transform o(t) and ȯ(t) to the inertial frame3 in bodycentric (in case of the Sun as central body: heliocentric)
rectangular coordinates r(t) and ṙ(t) with the rotation matrices Rx(φ) and Rz(φ) using the transformation
sequence

r(t) = Rz(−Ω)Rx(−i)Rz(−ω)o(t)

oz(t)=0===========

ox(t)(cosω cosΩ− sinω cos i sinΩ)− oy(t)(sinω cosΩ+ cosω cos i sinΩ)
ox(t)(cosω sinΩ+ sinω cos i cosΩ) + oy(t)(cosω cos i cosΩ− sinω sinΩ)

ox(t)(sinω sin i) + oy(t)(cosω sin i)

 (9)

ṙ(t) = Rz(−Ω)Rx(−i)Rz(−ω)ȯ(t)

ȯz(t)=0===========

ȯx(t)(cosω cosΩ− sinω cos i sinΩ)− ȯy(t)(sinω cosΩ+ cosω cos i sinΩ)
ȯx(t)(cosω sinΩ+ sinω cos i cosΩ) + ȯy(t)(cosω cos i cosΩ− sinω sinΩ)

ȯx(t)(sinω sin i) + ȯy(t)(cosω sin i)

 .
(10)

7. In order to obtain the position and velocity vector r(t) and ṙ(t), respectively, in the units AU and AU/d, calculate

r(t)[AU] =
r(t)

1.495 978 706 91 · 1011
, ṙ(t)[AU/d] =

ṙ(t)
86 400 · 1.495 978 706 91 · 1011

. (11)

2 Constants and Conversion Factors

Universal Constants
Symbol Description Value Source

G Newtonian constant of gravitation4 G = 6.67428(67) · 10−11 m3

kg·s2 [2, pp. 686–689]

Conversion Factors
Conversion Source
Astronomical Units → Meters 1AU = 1.495 978 707 00 · 1011 (±3)m [4, p. 370 f.]
Julian Days → Seconds 1 d = 86 400 s [5, p. 696]
Degrees → Radians 1◦ = 1◦ · π

180◦ rad ≈ 0,017453293 rad

3 W.r.t. the central body and the meaning of i, ω and Ω to its reference frame.
4 Thenumbers in parentheses in 6.67428(67)·10−11 are a commonway to state the uncertainty; short notation for (6.67428±0.0000067)·10−11.
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